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Tangaramvong).This paper presents a numerical method to identify and trace the critical post-collapse response of rigid
perfectly-plastic structures. To account for the possibility of multiple equilibrium paths, the critical one is
directly identiﬁed using the minimum 2nd-order work criterion. Our proposed enhanced sequential limit
analysis is formulated as an instance of the challenging class of optimization problems known as a math-
ematical program with equilibrium constraints (MPEC). This MPEC formulation minimizes the 2nd-order
work expression subject to the set of constraints describing the complete complementarity system (in
mixed static-kinematic variables) governing simultaneously the two adjacent equilibrium conﬁgurations,
namely the current one and its neighboring state. We use a nonlinear programming based algorithm,
involving relaxation of the complementarity terms, to solve the MPEC. Four numerical examples are pro-
vided to illustrate application of the proposed scheme.
 2011 Elsevier Ltd. All rights reserved.1. Introduction conﬁguration. Mechanically, the plastic strain rates deﬁne a feasi-With the introduction of limit state criteria in design, it has be-
come mandatory to study the behavior of structures well into the
material nonlinearity range. Such behavior is also often accompa-
nied by large deformations, the effects of which must be assessed.
In view of this, the analysis for the post-collapse behavior of struc-
tures is an important task.
This can be accurately carried out, albeit at considerable com-
putational expense, through an evolutive (step-by-step) elasto-
plastic analysis for the full history of loading. Such a task entails
sophisticated numerical integration of the constitutive laws
describing the inelastic material behavior (e.g. Comi et al., 1991;
Cocchetti and Maier, 2003; Le Van et al., 2003), often coupled with
some iterative predictor–corrector type algorithm (e.g. Hellweg
and Crisﬁeld, 1998; Tangaramvong and Tin-Loi, 2010). The inher-
ent numerical difﬁculties are well-known, and special care needs
to be taken to ensure convergence and to capture the most critical
equilibrium path.
At variance with a step-by-step elastoplastic analysis, the adop-
tion of classical limit analysis provides a ‘‘direct’’ approach which
avoids a computationally expensive time-stepping analysis
(Kamenjarzh, 1996). Under the basic assumption of rigid per-
fectly-plastic materials, a limit analysis determines in a single step
the load factor at which plastic collapse occurs. Associated with the
collapse limit, the kinematic rate variables provide a feasible set of
instantaneous nodal velocities of the structure for the currentll rights reserved.
: +61 2 9385 6139.
sawekchai@unsw.edu.au (S.ble collapse mechanism.
To account in some simpliﬁed manner for the effect of geomet-
ric nonlinearity, these velocities can be further integrated over a
ﬁnite time step to produce incremental plastic deformations which
can be used to update the conﬁguration of the deforming structure
for which a new limit analysis can be carried out. By using a cycle
of repeated geometric updating and limit analysis, the post-
collapse behavior of the structure undergoing large deformations
can be traced.
This simple scheme is the genesis of the well-known so-called
sequential limit analysis that has been widely used to investigate
the post-collapse behavior of various rigid-plastic structures (e.g.
De Freitas and Lloyd Smith, 1989; Yang, 1993; Seitzberger and
Rammerstorfer, 1999; Corradi and Panzeri, 2003, 2004; Leu,
2005, 2008). The results not only provide useful information as
to whether the structure stiffens or softens as a result of geometric
nonlinearity, but have also been used to assess the energy dissipa-
tion of shell-like bumpers (Corradi and Panzeri, 2003, 2004) and, in
the case of frames, can furnish key information for the classical
approximate assessment of elastoplastic failure loads (e.g. Horne,
1963). The prominent feature of such an approach is that the com-
putation at each ﬁnite step is efﬁcient to carry out. Sufﬁciently
accurate responses can be achieved with relatively large step sizes,
as compared to those usually employed for an evolutive elastoplas-
tic analysis. Such a methodology is not only simple but also deliv-
ers numerical stability irrespective of the complexity of material
and geometric nonlinearities involved.
Loss of uniqueness, or more speciﬁcally bifurcation of the kine-
matic solutions (collapse mechanisms) is an issue with the stan-
dard sequential limit analysis. The fact that a single collapse load
Fig. 1. Simple portal frame example.
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in a large number of entirely different subsequent post-collapse re-
sponses which may even branch later in any conﬁguration (Yang,
1993). Exploring all possible equilibrium branches or at least cap-
turing the most critical one that is likely to occur is thus a desirable
objective. As Yang (1993) indicates, the development of any large
deformation rigid-plastic analysis would be meaningless if one
could not rigorously perform such a task. To-date, no reliable and
efﬁcient method has yet been proposed.
To redress this situation, the present paper presents a numerical
approach to directly trace the critical post-collapse behavior of the
rigid perfectly-plastic structure. We extend the standard sequen-
tial limit analysis to automatically capture the critical equilibrium
path. Our proposed method avoids the need for any expensive and
cumbersome enumerative scheme to explore and identify all mul-
tiple solutions (if they exist) at collapse. Moreover, this task may
well be impossible as, in many instances, inﬁnite mechanisms
may exist as when the solutions lie on a ray.
We now outline some key features of our approach. First, the
critical path selection is based on the concept of a minimum
2nd-order work criterion in displacement control (Bazˇant and
Cedolin, 1991). This criterion is embedded in a scheme for which,
at each step, the sequential limit analysis considers simultaneously
the two adjacent equilibrium conﬁgurations, namely the current
one and its neighboring state. Second, this extended sequential
limit analysis is formulated as a challenging instance of a nonstan-
dard (nonconvex and nonsmooth) optimization problem known as
a mathematical program with equilibrium constraints or MPEC
(Luo et al., 1996). In particular, we minimize an objective function,
representing the 2nd-order work expression, subject to the con-
straints that fully describe the structural system (in mixed static-
kinematic variables) of the two conﬁgurations. The equilibrium
constraints are in fact the complementarity conditions of this sys-
tem. Third, the neighboring state conditions are described using
the elegant ﬁctitious force concept (De Freitas and Lloyd Smith,
1984-1985) within a Lagrangian description, which incidentally
preserves the dual nature of the static-kinematic relations. Finally,
we adopt the mathematical programming environment GAMS
(Brooke et al., 1998) (an acronym for General Algebraic Modeling
System) to facilitate modeling and solution of the MPEC.
The paper is organized as follows. Section 2 provides the basic
relations for the rigid perfectly-plastic structural model. For our
purposes, we formulate the classical limit analysis as a mixed com-
plementarity problem or MCP (e.g Dirkse and Ferris, 1995a; Ruth-
erford, 1995) that contains both static and kinematic variables. It is
instructive to note that, for this classical problem, the MCP con-
tains the dual pair of optimization problems which in fact repre-
sent the well-known upper and lower bound theorems of limit
analysis. In the next Section 3, the standard sequential limit anal-
ysis of structures is brieﬂy described. We also mention a special
enumerative scheme (Tin-Loi and Tseng, 2003) that has the capa-
bility of identifying all possible collapse mechanisms, if they are
discrete. Our direct sequential limit analysis MPEC approach to
trace the critical post-collapse behavior is then detailed in Section
4, and we outline an iterative nonlinear programming (NLP) based
solution algorithm to solve our MPEC. Four illustrative examples
are provided in Section 5 and the accuracy of the responses ob-
tained are validated through a comparison with results of step-
by-step elastoplastic analyses. Finally, some pertinent concluding
remarks are drawn in Section 6.
Throughout this paper, we use the instructive (academic) portal
frame structure shown in Fig. 1 (also adopted by De Freitas and
Lloyd Smith (1989) in their post-collapse study) to clarify our pre-
sentation. This frame is simultaneously subjected to monotonically
applied nodal forces governed by a load factor a in both lateral (a)
and vertical (10a) directions as shown, where v deﬁnes a verticalmid span displacement of the beam. The three possible critical Sec-
tions 1–3 are also marked in Fig. 1. The plastic moment capacities
are: 3.5 for the beam, 1 for the left column, and 2 for the right
column.
A word regarding notation is in order. Vectors and matrices are
indicated in bold. A real vector x of size m is indicated by x 2 Rm
and a realm  nmatrix A by A 2 Rmn. For brevity, a vector of func-
tions fðxÞ : Rm ! Rn is written simply as f 2 Rn. No special nota-
tion is used for functional dependence; this should be clear from
the context.2. Classical limit analysis
We consider, for simplicity, a suitably space discretized rigid
perfectly-plastic structural frame. A conventional lumped plastic-
ity model within a ‘‘line’’ ﬁnite element framework (e.g. Cocchetti
and Maier, 2003; Tangaramvong and Tin-Loi, 2011) is adopted.
Plasticity is thus accommodated through the traditional concept
of the generalized plastic hinge model, for which the formation
of such hinges is conﬁned only to the member ends. This ﬁnite ele-
ment model, it is worth mentioning, is described in intrinsic, natu-
ral (in Prager’s generalized sense) variables (Maier, 1970). This
implies that the scalar product of generalized stress Qi and plastic
strain rate _pi vectors represents virtual work rate in the element i
concerned, and is invariant with respect to rigid body motion.
A complete description of the limit analysis problem can be
achieved by collecting the relations governing the statics, kinemat-
ics and constitution of this model. In terms of standard notation
and well-known descriptions (Maier, 1970), the relations govern-
ing the rigid perfectly-plastic response of the whole structural sys-
tem in a small deformation setting can then be written as follows:
CTQ ¼ af þ fd; ð1Þ
_p ¼ C _u; ð2Þ
_p ¼ @w
T
@Q
_k; ð3Þ
wðQ ; rÞP 0; _kP 0; wT _k ¼ 0; ð4Þ
fT _u ¼ 1: ð5Þ
Assume a model made up of n elements, d degrees of freedom, m
natural generalized stresses (or strain rates) and y plastic condi-
tions. Relation (1) then describes equilibrium between the mono-
tonically applied nodal forces af þ fd 2 Rd and the generalized
stresses Q 2 Rm through the linear (constant) compatibility matrix
C 2 Rmd, where the vectors f and fd 2 Rd denote respectively the
given basic nodal forces and ﬁxed nodal forces, and a is a single load
multiplier. The linear compatibility condition between nodal
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(2). The constitutive law underpinning the rigid perfectly-plastic
material model is expressed in (3) and (4). In particular, the plastic
deformation rates _p are deﬁned as functions of plastic multiplier
rates _k 2 Ry through an associative ﬂow rule stated in (3), implying
normality of the plastic displacement rates _p to the yield surface.
Relation (4) enforces the yield conformity in a combined stress do-
main at all plastic hinge locations. This ensures that the stresses Q
are contained within the convex yield loci w 6 0 in Q space, where
the (typically nonlinear) yield functionsw 2 Ry are written in terms
of the stresses Q and the (constant) yield limits r 2 Ry. The comple-
mentarity condition in (4) between the two sign-constrained vec-
tors, namely w 6 0 and _kP 0, describes either plastic yielding or
a rigid state of stresses. More explicitly, this implies the compo-
nentwise relationship wj 6 0; _kj P 0 and wj _kj ¼ 0 for all j. Mechan-
ically, plastic yielding ð _kj > 0Þ can occur only if the stress point is on
the yield surface (wj = 0), and as a result wj _kj ¼ 0. Moreover, there is
no plastic ﬂow ð _kj ¼ 0Þ when the material is still in a rigid regime
(wj < 0) again satisfying the complementarity condition wj _kj ¼ 0. Fi-
nally, the condition of positive dissipation, produced by the loads f
and the displacement rates _u, is given in (5) and deﬁnes the onset of
a collapse motion.
The afore-mentioned relations (1)–(5) can be collected and
characterize the following classical limit analysis problem in mixed
static-kinematic variables ða;Q ; _u; _kÞ:
fT _u ¼ 1;
C _uþ @w
T
@Q
_k ¼ 0;
af  CTQ ¼ fd;
wðQ ; rÞP 0; _kP 0; wT _k ¼ 0:
ð6Þ
System (6) is a special instance of the class ofmathematical programs
known as an MCP (e.g. Dirkse and Ferris, 1995a; Rutherford, 1995).
TheMCP, it is noted, is a generalizationof thewell-known linear com-
plementarity problem (LCP) (Cottle et al., 1992). It can be distin-
guished from a standard LCP in that it incorporates free variables.
This MCP can be efﬁciently solved by using the state-of-the-art com-
plementarity solver PATH (Dirkse and Ferris, 1995b).We, in fact, car-
ry out both modeling and solution from within the mathematical
programming environment GAMS (Brooke et al., 1998).
It is expected that this MCP contains both lower and upper
bound formulations of classical limit analysis. Without undue loss
of generality and for the sake of simplicity, we illustrate this for
piecewise linear yield criteria, for which w = NTQ  r, where
N 2 Rmy is a matrix of constant normals. MCP (6) can then be
written in tableau format as
  fT 
  C N
f CT  
 NT  
2
66664
3
77775
a
Q
_u
_k
2
6664
3
7775þ



w
2
6664
3
7775 ¼
1

fd
r
2
6664
3
7775;
wP 0; _kP 0; wT _k ¼ 0;
ð7Þ
where () represents a null vector or zero matrix of appropriate
size.
It is now clear that the MCP is square, (skew) symmetric, and
the static and kinematic variables are uncoupled. This circum-
stance implies that this MCP represents the necessary and sufﬁ-
cient optimality (Karush–Kuhn–Tucker) conditions of a pair of
dual linear programming (LP) problems with common (unique)
optimal values for a (Ferris and Tin-Loi, 2001). Mechanically, these
linear programs are well-known expressions of the bounds theo-
rems of plasticity.The static or lower bound limit theorem in (a,Q) variables is
maximize a
subject to af  CTQ ¼ fd;
w ¼ NTQ  r 6 0;
ð8Þ
while the kinematic or upper bound theorem in ð _u; _kÞ variables is
minimize fTd _uþ rT _k
subject to fT _u ¼ 1;
C _uþ N _k ¼ 0;
_kP 0:
ð9Þ
Processing either of this pair will furnish, as expected, an identical
optimal solution (or collapse load) as the MCP (7). Uniqueness of
the kinematic variables ð _u; _kÞ deﬁning plastic velocities (mechanism)
of the structure, on the other hand, is not guaranteed (Yang, 1993).
It may be possible to identify all multiple mechanisms (i.e. the
plastic multiplier rates _k) if these are discrete. For instance, we
could process MCP (6) using the enumerative scheme proposed by
Tin-Loi and Tseng (2003). However, it is often the case that an inﬁ-
nite number of solutions exist (as when a mechanism lies on a ray).
This circumstance poses a particularly difﬁcult problem for stan-
dard post-collapse analyses since the appropriate mechanismmust
be selected in order to trace the critical post-collapse path.
The MCP formulation forms a key ingredient to our direct ap-
proach. For illustrative purposes, we detail its application to the
simple portal frame shown in Fig. 1. The generic self-equilibrated
2D frame element i contains the three (independent) generalized
stresses Q i 2 R3 at the two ends a and b, namely the two respective
moments Qi2;Q
i
3 and one axial force Q
i
1. The yield conditions (4) for
element i (assuming yielding under bending only) can be written in
the following (linear) complementarity format:
wiþa ¼
Qi2
Q2p
 1 6 0; _kiþa P 0; wiþa _kiþa ¼ 0;
wia ¼
Qi2
Q2p
 1 6 0; _kia P 0; wia _kia ¼ 0;
wiþb ¼
Qi3
Q3p
 1 6 0; _kiþb P 0; wiþb _kiþb ¼ 0;
wib ¼
Qi3
Q3p
 1 6 0; _kib P 0; wib _kib ¼ 0;
ð10Þ
where Q2p and Q3p are respectively the ﬂexural capacities (typically
assumed to be equal) at ends a and b . At element i level,
wiT ¼ wiþa ;wia ;wiþb ;wib
 
; riT ¼ ½1;1;1;1; and _kiT ¼ _kiþa ; _kia ; _kiþb ; _kib
h i
.
The generalized plastic strain rates _pi 2 R3, containing the two cor-
responding end rotation rates _pi2; _p
i
3 and one axial deformation rate
_pi1, are deﬁned through an associative ﬂow rule in an expanded ver-
sion of (3) by
_pi1
_pi2
_pi3
2
64
3
75 ¼
0 0 0 0
1=Q2p 1=Q2p 0 0
0 0 1=Q3p 1=Q3p
2
64
3
75
_kiþa
_kia
_kiþb
_kib
2
66664
3
77775: ð11Þ
The discretized structural model consists of 4 members, 11 degrees
of freedom, 12 generalized stresses (or strain rates) and 16 yield
conditions. The plastic moment capacities are: Q2p = Q3p = 1 for
the left column, Q2p = Q3p = 2 for the right column, and
Q2p = Q3p = 3.5 for the beam.
Solving the MCP for this problem provides a collapse load of
a = 1, in agreement with De Freitas and Lloyd Smith (1989), and
one feasible mechanism. The fact that the MCP formulation can
provide directly the kinematic solutions (displacement and plastic
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is important for our proposed direct post-collapse procedure.
Moreover, it should be noted that nowadays we can solve large
MCPs efﬁciently and robustly using such solvers as PATH (Dirkse
and Ferris, 1995b).
We also processed the MCP using the enumerative scheme of
Tin-Loi and Tseng (2003) and obtained the two collapse mecha-
nisms shown in Fig. 2. One mechanism (Fig. 2a) sways to the left
and involves yielding at Sections 1 and 3, while the other
(Fig. 2b) sways to the right with yielding at Sections 1–3. Simple
hand calculations using the kinematic approach conﬁrm that both
results are correct.
3. Standard rigid perfectly-plastic post-collapse analysis
A simple approach to obtain a meaningful indication of the
post-collapse behavior of structures is to perform a series of rigid
perfectly-plastic limit analyses on updated structural conﬁgura-
tions (e.g. De Freitas and Lloyd Smith, 1989; Yang, 1993; Corradi
and Panzeri, 2003, 2004). This standard and well-known approach
offers a good balance between computational efﬁciency and re-
sult accuracy. The major advantage of the sequential limit analy-
sis is the preservation of global stability in computation,
irrespective of whether stable or unstable equilibrium behavior
is present.
The entire evolution of the (path-dependent) post-collapse re-
sponse is obtained from an accumulative sequence of points that
forms a piecewise linear approximation to the (nonlinear) equilib-
rium path. The analysis of the structure in the current (unknown)
conﬁguration R is performed from a knowledge of the deforming
structure in the previous (known) conﬁguration R. In particular,
each sequential step involves a classical limit analysis with the
structural geometry progressively updated on the basis of plastic
deformations obtained at the end of the previous step. The essen-
tial path-dependent nature of plasticity is then updated only at the
beginning of the step.
The computation of the current conﬁguration R from typically
the static approach such as given in (8) provides optimal results
for (a,Q). From duality theory, the feasible mechanism can be ex-
tracted from the Lagrange multiplier information that contains
the kinematic results ð _u; _kÞ. The current displacement rates _u can
then be integrated over the pseudo time increment Dt to provide
the incremental displacements Du satisfying the following quasi-
static condition (Yang, 1993):
Du ¼ _uDt; ð12Þ
where
Dt ¼ Dt0j _v j ;
Dt0 and _v denote the assigned ﬁnite time step and the computed
displacement rate at the controlled location, respectively. Likewise,
the incremental plastic multipliers can be calculated from
Dk ¼ _kDt: ð13Þ(a) (b)
Fig. 2. Collapse mechanisms (a) left-sway and (b) right-sway ( denotes plastic
hinge).The obtained incremental displacements Du in (12) are then
added to the previous nodal coordinates to update the conﬁgura-
tion of the deforming structure for the subsequent limit analysis
problem.
The following algorithmic schema, involving an attempt to
identify all mechanisms by exhaustively processing MCP (6), will
help to explain the procedure further:
Step (0): Initialization
 Set stopping criteria: maximum displacement vmax,
maximum number of equilibrium paths, etc.
 Deﬁne the ﬁnite time step Dt0 (positive scalar).
 At R ¼ 0, initialize variables (e.g. u ¼ 0; k ¼ 0; _u ¼ 0
and _k ¼ 0). Go to Step (a).
Step (a): Solve limit analysis problem Calculate incremental variables Du and Dk according
to (12) and (13).
 Update the current deforming structure: u ¼ uþ
Du; k ¼ kþ Dk and C accordingly.
 Solve MCP (6), and collect all multiple solutions (if
they exist).
 Select one solution. Go to Step (b).
Step (b): Check termination If the termination criterion has been reached, or all
solutions found at Step (a) have been exhausted,
stop.
 Else, return to Step (a) either to proceed with the cur-
rent state or to choose an unexplored solution found
previously.Some additional remarks are worthwhile mentioning:
(a) The complete post-collapse responses of the structure are
traced under displacement control. The incremental dis-
placement Dv at a speciﬁc degree of freedom is assigned
through the incremental time step Dt0, for which the choice
of its entry is not limited by numerical stability require-
ments. This is due to the fact that each step involves only
the limit analysis solve which does not suffer from the difﬁ-
culties caused by loss of physical stability in an equilibrium
(load-displacement) domain. The size of the incremental
step Dt0 can thus be relatively large, but should be sufﬁ-
ciently small to capture any atypical events due to conﬁgu-
ration changes (such as those caused by changes in
mechanism). Also, the smaller the step Dt0, the more accu-
rate the solution will be.
(b) For any collapse load a computed, a classical limit analysis
does not guarantee uniqueness of the kinematic variables
ð _u; _kÞ. This lack of uniqueness leads to multiple collapse
mechanisms that produce different post-collapse equilib-
rium paths. Also, uniqueness of the solution in an early con-
ﬁguration state does not preclude the equilibrium path
branching later under small perturbations. To account for
such eventualities, we choose to process, at Step (a), the
MCP (6) in mixed static-kinematic variables using the enu-
merative scheme of Tin-Loi and Tseng (2003).
(c) In the presence of multiple equilibrium branches, the crit-
ical one can be identiﬁed using a simple criterion, based
on 2nd-order work (Bazˇant and Cedolin, 1991). Consider
the structure evolution over the conﬁguration change
DRa from the bifurcation stress state Ra to the neighbor-
ing state Rb = Ra + DRa. The 2nd-order work expression
under a single quasistatically prescribed displacement v
is given byW ¼ 1
2
DFaTDua; ð14Þ
2736 S. Tangaramvong et al. / International Journal of Solids and Structures 48 (2011) 2732–2742where obviously DFa = (ab  aa)f and Dua = ub  ua. For the
structure controlled by a prescribed displacement v, the ac-
tual behavior will choose the path for which0
0
0
0
1
α
Fig.minimize
1
2
DFaTDua
 i
for all i ¼ 1; . . . ;g: ð15ÞThus, for identifying the critical post-collapse path, we can simply
calculate (14) for all g possible equilibrium branches that originate
from the bifurcation state Ra. The work condition (15) will enable
us to then select the critical path.
As an example, consider again the simple portal frame in Fig. 1,
where v denotes the prescribed vertical displacement as shown.
We traced the post-collapse behaviors of this structure using the
described scheme for a ﬁnite step of Dt0 = 0.02 until v = vmax =
2.2. The a  v diagram in Fig. 3 reveals two equilibrium paths
that originate as early as v = 0. We compared one of these branches
with the reported results of De Freitas and Lloyd Smith (1989)
(dashed line in Fig. 3), and as can be seen good agreement was
obtained.
Some signiﬁcant points on these two multiple paths are also
indicated in Fig. 3, namely A-B-C (corresponding respectively to
v = 0, 1.02 and 2.04) and A-D-E-F-G-H (corresponding respec-
tively to v = 0, 0.02, 1.02, 1.22, 1.76 and 1.96). The associ-
ated collapse mechanisms are shown in Fig. 4.
For path A-B-C in Fig. 3, plastic hinges initially formed at Sec-
tions 1 and 3 (see Fig. 4b), and remained active for the entire path.
Reversed plastic activations of stresses were found ﬁrst in Section 1
at B (v = 1.02,a = 0.726) and later in Section 3 at C (v = 2.04,
a = 0.211). The load capacity recovered from C onwards leading
to a locking limit.
For the path A-D-E-F-G-H in Fig. 3, the structure ﬁrst activated
at A three plastic hinges, namely at Sections 1–3 (Fig. 4a). Sud-
denly, at D (v = 0.02,a = 0.991) the symmetric yield pattern chan-
ged with the hinge at Section 1 unloading (Fig. 4c). At E (v =
1.02,a = 0.795), plasticity at Section 1 reactivated with plastic
unloading at Section 2 (Fig. 4d). The collapse mode at F
(v = 1.22,a = 0.745) reverted to the one given in Fig. 4c, namely
unloading at Section 1 and reloading at Section 2. At G (v =
1.76,a = 0.388), there was a switch between the two yield modes
drawn in Figs. 4d and c. Finally, the frame showed a hardening
behavior at H (v = 1.96,a = 0.290).
The 2nd-order work criterion (15) indicates that path A-B-C
produces a minimum 2nd-order work under displacement control,
and is therefore the critical one.−2−1.5−1−0.5
0
.2
.4
.6
.8
1
.2
A
B
C
D
E
F
G
H
v
De Freitas & Smith (1989)
Standard post−collapse
3. Post-collapse a  v responses from standard sequential limit analysis.4. Critical post-collapse analysis as an MPEC
The need to identify all feasible collapse mechanisms, if at all
possible, at any stage of the standard post-collapse approach is a
major shortcoming of the method, even for small structures.
The aim of the present section, indeed of this paper, is to pro-
pose a direct computational method for tracing the critical post-
collapse behavior of the structure without the need to search for
all possible collapse mechanisms. The key ideas underpinning the
proposed approach are described in the following.
For each incremental step Dt0, we effectively combine two limit
analyses in one optimization problem for which the objective is to
minimize the 2nd-order work. The governing relations for both
limit analyses form the constraints. These, therefore, pertain not
only to the current stress state Ra which involves unknown vari-
ables ðaa;Q a; _ua; _kaÞ of the structural evolution from the previous
known state R (with known quantities u and k), but also those of
the neighboring state Rb = Ra + DRa with unknown variables
ðab;Q b; _ub; _kbÞ.
By solving such an optimization problem, which attempts to
minimize the 2nd-order work given by (14) over the conﬁguration
change DRa from Ra to Rb, we can automatically trace the critical
path without the need to explicitly know the mechanism. This
mathematical programming problem is an MPEC because of the
presence of complementarity constraints.
In the current conﬁguration Ra, the structure is ﬁrst updated
(i.e. ua ¼ uþ Du and ka ¼ kþ Dk) using (12), (13) and the informa-
tion computed at the end of the previous known state R. The com-
patibility matrix Ca is reformed accordingly. The complementarity
system governing the limit analysis problem for state Ra, in mixed
static-kinematic variables (aa,Qa,Dua,Dka), is then as follows:
ðDvaÞ2 ¼ ðDt0Þ2;
CaDua þ @w
aT
@Q a
Dka ¼ 0;
aaf  CaTQ a ¼ fd;
waðQ a; raÞP 0; Dka P 0; waTDka ¼ 0:
ð16Þ
In (16), the positive dissipation expression of (5) deﬁning an onset
of collapse motion has been replaced by an expression involving
the prescribed incremental displacement Dva. Hence, solution of
this MCP (16) provides the incremental kinematic variables
(Dua,Dka), rather than the rate terms.
In the adjacent state Rb, the structural geometry is updated
using the solutions obtained for conﬁguration Ra. The limit analy-
sis problem for state Rb (in variables ab; Q b; _ub and _kb) is then
fT _ub ¼ 1;
CbðDuaÞ _ub þ @w
bT
@Q b
_kb ¼ 0;
abf  CbTðDuaÞQ b ¼ fd;
wbðQ b; rbÞP 0; _kb P 0; wbT _kb ¼ 0:
ð17Þ
Before we can set up our ﬁnal MPEC, we need to obtain an explicit
expression for the nonlinear compatibility matrix Cb(Dua) which is
a function ofDua. This can be easily achieved in a Lagrangian frame-
work by introducing additional ﬁctitious forces p (and deformations
dp) and nonlinear ‘‘residuals’’ Rq (e.g. De Freitas and Lloyd Smith,
1984-1985; Tangaramvong and Tin-Loi, 2010). It is of interest to
note that such a description meaningfully preserves the dual nature
of the Lagrangian static-kinematic relations.
Consider a generic self-equilibrated discretized 2-D frame ele-
ment i in Fig. 5, where l and h deﬁne respectively the original mem-
ber length and inclined angle for state Ra, and lc and q represent
respectively the deformed member chord length and rotation for
(a) (b)
(c) (d)
Fig. 4. Hinge dispositions from standard post-collapse analysis (a) A, (b) B and C, (c) D and F and (d) E,G and H ( denotes plastic hinge and  unloaded hinge).
Fig. 5. Conﬁguration change DRa from current state Ra to neighboring state Rb of
frame element i.
Fig. 6. Relation between auxiliary displacements dip and incremental nodal
displacements Duai in neighboring state Rb of generic element i.
Fig. 7. Fictitious forces pi for generic element i.
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ment i during the conﬁguration change DRa from Ra to Rb with
the incremental nodal displacements Duai 2 R6 as shown. In the
deformed conﬁguration Rb, we introduce an additional auxiliary
displacement vector diTp ¼ ½din; dit  deﬁned in Fig. 6, and an associated
ﬁctitious force vector piT ¼ ½pin;pit as in Fig. 7.
The exact Lagrangian descriptions of compatibility and equilib-
rium of member i for state Rb then read respectively
 Cai  DiCip
 
_ubi þ @w
biT
@Q bi
_kbi ¼ Riq; ð18Þ
abf i  Cai  DiCip
 T
Q bi ¼ f id; ð19Þ
where
Cip ¼
cos h sin h 0  cos h  sin h 0
 sin h cos h 0 sin h  cos h 0
 	
;
DiT ¼ 1 cosq  sinq=lc  sinq=lc
sinq 1=l cosq=lc 1=l cosq=lc
 	
;
RiTq ¼ lðcosq 1Þ ðl=lcÞ sinq q ðl=lcÞ sinq q½ ;
q ¼ arctan d
i
t
l din
 !
;
lc ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l din
 2
þ di2t
r
:
Obviously, vector Riq and matrix D
i are written as functions of the
auxiliary displacements dip. From Figs. 6 and 7, it is clear that
dip ¼ CipDuai; ð20Þ
pi ¼ DiTQ bi: ð21Þ
For the whole structural system, the governing exact Lagrangian
static-kinematic relations can then be assembled from (18) and
(19) for all n elements.
The relation set (17) for state Rb in variables ab; Q b; _ub and _kb
can now be rewritten as follows:
fT _ub ¼ 1;
 Ca  DCp
 
_ub þ @w
bT
@Q b
_kb ¼ Rq;
abf  Ca  DCp
 TQ b ¼ fd;
wbðQ b; rbÞP 0; _kb P 0; wbT _kb ¼ 0:
ð22Þ
By simultaneously solving the two MCPs (16) and (22), we obtain
feasible, but not necessarily critical, collapse solutions for state Ra
and its neighboring state Rb. The critical post-collapse response of
the structure for current state Ra can be achieved by processing
the following MPEC in variables aa; Q a; Dua; Dka; ab; Q b; _ub and
10α, v
42.420 ft
8.
78
5 
ft
Fig. 8. Example 1: single-span circular arch.
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DRa subject to the constraints given by (16) and (22),
simultaneously):
minimize 12 ðab  aaÞf
TDua
subject to MCPs ð16Þ and ð22Þ:
ð23Þ
Problem (23) is an MPEC which is an instance of the challenging
class of nonconvex optimization problems for which equilibrium
(complementarity conditions, in our case) constraints are present.
Whilst an extensive theory of 1st and 2nd-order optimality condi-
tions for MPECs has been established (Luo et al., 1996), the state-
of-the-art in solution mechanisms for MPECs is currently far less
satisfactory than complementarity problems. In fact, there cur-
rently does not exist any algorithm guaranteed to solve an MPEC
such as (23).
The presence of complementarity constraints distinguishes the
MPEC from a standard nonlinear program, and these also consti-
tute its primary source of difﬁculty. The complementarity
conditions are disjunctive and it is expected, as in integer program-
ming, that these would show up as severe numerical difﬁculties.
In spite of the various theoretical difﬁculties expected of MPECs,
a promising approach is to ‘‘treat’’ the complementarity constraints
using some parametric reformulation such that the MPEC can be
transformed into a standard NLP problem, thus enabling the use
of NLP solvers. We have found that such reformulations are partic-
ularly effective for solving the MPECs that arise in engineering
mechanics problems (e.g. Ferris and Tin-Loi, 2001; Tangaramvong
and Tin-Loi, 2011). In the present work, we have adopted the so-
called ‘‘relaxation’’ algorithm that performed remarkably well in
solving block structures involving frictional contact (Ferris and
Tin-Loi, 2001).
This particular approach replaces the complementarity con-
straints in (23) (namelywaTDka = 0 andwbT _kb ¼ 0) by their relaxed
versions (namely waTDka 6 l and wbT _kb 6 l), where l is a (po-
sitive) relaxation parameter. The relaxed problem is then solved for
successively smaller values of l to force the complementarity con-
ditions, which are nonnegative at feasible points, to approach zero.
In our implementation, we decreased parameter l, set initially
to 1, at each iterate by l = l/10, until a preset tolerance on the
complementarity condition of waTDka wbT _kb 6 106 has been
met. The preprocessing section of the code was carried out in MAT-
LAB that sets up appropriate text ﬁles for the GAMS NLP solver. A
MATLAB-GAMS interface (Ferris, 1998) was used to facilitate this
task. We chose the robust GAMS/CONOPT (Drud, 1994) optimizer
to solve the NLP subproblems.
As an illustration, we analyzed our simple portal frame (Fig. 1)
using an incremental step Dt0 = 0.02. The critical post-collapse
a  v response computed coincides exactly with the critical equi-
librium path A-B-C obtained by the standard post-collapse analysis
(Fig. 3).
5. Illustrative examples
In this section, we present four additional examples to illustrate
further application of our critical post-collapse analysis approach.
The ﬁrst two examples involve circular arch structures and the last
two concern the multi-story frame structures adopted previously
in the context of softening and large deformation effects (Tanga-
ramvong and Tin-Loi, 2010).
For each of the four examples, three analysis cases were carried
out:
Case a: Classical limit analysis.
Case b: Critical post-collapse analysis.
Case c: Evolutive 2nd-order geometry, elastoplastic analysis .The elastoplastic Case c analyses were performed using the
mathematical programming based stepwise holonomic algorithm
described in Tangaramvong and Tin-Loi (2011).
In all examples, plasticity was assumed to occur under the
combined action of bending and axial forces. We used uniform
structural members with solid rectangular cross-sections. Thus,
for any element i (containing two plastic hinges a and b), the yield
conditions (4) under combined stresses (i.e. interaction between
axial Qi1 and ﬂexural Q
i
2; Q
i
3 forces) obey the following nonlinear
complementarity conditions:
wiþa ¼
Qi1
Q1p
 !2
þ Q
i
2
Q2p
 1 6 0; _kiþa P 0; wiþa _kiþa ¼ 0;
wia ¼
Qi1
Q1p
 !2
 Q
i
2
Q2p
 1 6 0; _kia P 0; wia _kia ¼ 0;
wiþb ¼
Qi1
Q1p
 !2
þ Q
i
3
Q3p
 1 6 0; _kiþb P 0; wiþb _kiþb ¼ 0;
wib ¼
Qi1
Q1p
 !2
 Q
i
3
Q3p
 1 6 0; _kib P 0; wib _kib ¼ 0;
ð24Þ
where Q1p denotes the axial plastic capacity. Since ends a and b are
identical Q2p = Q3p. The corresponding plastic strain rates pi of the
element i are deﬁned as in (3), through an associative ﬂow rule,
as follows:
_pi1
_pi2
_pi3
2
64
3
75¼ 2Q
i
1=ðQ1pÞ2 2Qi1=ðQ1pÞ2 2Qi1=ðQ1pÞ2 2Qi1=ðQ1pÞ2
1=Q2p 1=Q2p 0 0
0 0 1=Q3p 1=Q3p
2
64
3
75
_kiþa
_kia
_kiþb
_kib
2
66664
3
77775:
ð25Þ
A note concerning the exact elastoplastic response (Case c) would
be appropriate at this stage. It is expected that this curve should
lie below the locus formed by the small deformation purely elastic
response and the rigid-plastic post-collapse response (see e.g.
Horne, 1963). For small displacements, the exact response should
match the elastic path, if no plasticity has occurred. For large en-
ough displacements, when it is expected that a plastic mechanism
has been fully activated in the elastoplastic analysis, the actual re-
sponse should be close to the rigid-plastic behavior. For any given
load, it is not necessarily the case that the rigid-plastic displace-
ment should be more (or even less) than the actual displacement
since the hinge locations and distribution may be different in the ri-
gid-plastic structure and elastoplastic structure.
5.1. Example 1: single-span circular arch
The ﬁrst example is a single-span circular arch with 2 pinned
supports (Fig. 8), where v denotes a vertical displacement at the
top-center arch (ft). It was subjected to a monotonically applied
vertical force of 10a kip as shown. This arch structure was initially
used in the seminal work of Onat and Prager (1953) and later by
Cohn and Abdel-Rohman (1976) to investigate its collapse behavior.
αv
3@42.42 = 127.26 ft
8.
78
5 
ft
15
 ft
Fig. 11. Example 2: multi-span circular arch.
S. Tangaramvong et al. / International Journal of Solids and Structures 48 (2011) 2732–2742 2739The nonlinear circular arch was discretized into 50 elements,
149 degrees of freedom, 150 generalized stresses (or strain rates)
and 200 yield functions. The plastic properties for all sections were
speciﬁed as in (24) and (25) with Q1p = 10368 kip and
Q2p = 5184 kip-ft.
In Case a, the collapse limit of a = 271.23 was computed from a
classical limit analysis. This is in a good agreement with the
reported solution of a = 270.7 (Onat and Prager, 1953; Cohn and
Abdel-Rohman, 1976). The collapse load result is plotted as a
dotted line in Fig. 9. Interestingly, the collapse mechanisms are
not unique. As shown in Fig. 10, there exist three possible, namely
one symmetric and two mirror-image unsymmetric, collapse
modes.
In Case b, the critical post-collapse response of the structure
was traced using the proposed sequential limit analysis scheme
with a preset ﬁnite step of Dt0 = 0.1. The analysis consumed only
a few CPU secs, and was terminated at v = vmax = 1.2 ft. The criti-
cal post-collapse a  v response (solid line in Fig. 9) is associated,
along its whole path, with an unsymmetric mode.
For Case c, the elastoplastic analysis of the nonlinear arch under
2nd-order geometry was carried out with the additional elastic
properties: modulus of elasticity of E = 4.176  106 kip-ft2;
cross-sectional area of A = 2 ft2; second moment of area of
I = 2 ft4. The response obtained is shown as a dashed line in
Fig. 9. It shows an initial increase of the load capacity up to
a = 267.62 followed by a softening behavior.
As is clear from Fig. 9, the critical post-collapse behavior (solid
line) agrees well with the 2nd-order elastoplastic response (dashed
line), with minor discrepancies which can be attributed to elastic
deformation effects. However, the elastoplastic Case c analysis
was computationally far more expensive, as expected.−1.2−1−0.8−0.6−0.4−0.2
0
50
100
150
200
250
300
v (ft)
α
Critical post−collapse
2nd−order elastoplastic
Classical limit analysis
Fig. 9. Example 1: critical post-collapse a  v response and associated 2nd-order
elastoplastic behavior.
(a)
(b)
Fig. 10. Example 1: collapse mechanisms (a) 1 symmetric mode and (b) 2
unsymmetric modes ( denotes plastic hinge).5.2. Example 2: multi-span circular arch
The second example concerns the multi-span circular arch
shown in Fig. 11, where v denotes the vertical displacement at
the top-center of the 3rd-span arch (ft). A uniformly distributed
vertical load of a kip-ft1 was applied over half of the structure
as shown.
The structural discretization consisted of 50 elements for each
span arch and 1 element for each column. The model thus contains
152 elements, 447 degrees of freedom, 456 natural stresses (or
strain rates) and 608 yield functions. The rigid-plastic material
properties used were those adopted in Example 1, namely
Q1p = 10368 kip and Q2p = 5184 kip-ft. Similarly, the elastoplastic
Case c was run with the elastic properties E = 4.176  106 kip-
ft2, A = 2 ft2 and I = 2 ft4.
The results for all three cases are shown in Fig. 12.
A collapse load of a = 134.60 (dotted line) was obtained from
the classical limit analysis Case a.
For Case b, a displacement step of Dt0 = 0.1 was applied and the
analysis terminated at v = vmax = 1.2 ft. The a  v relation (solid
line) shows a gradual decrease of the load capacity after collapse.
Hinge dispositions at v = 0 and 1 ft (corresponding respectively
to points A and B in Fig. 12) are depicted in Fig. 13.
The evolutive elastoplastic Case c analysis gave a prediction
(dashed line) that agrees well with the critical post-collapse Case
b (solid line) behavior. The 2nd-order elastoplastic analysis
showed an initial increase of the load capacity until a = 128.89,
and then a snap-through behavior.
5.3. Example 3: multi-story portal frame
The third example is the multi-story portal frame shown in
Fig. 14, where v deﬁnes the corresponding top story sway displace-
ment (m). It was subjected to increasing vertical point loads of
6a kN and increasing lateral loads (kN) governed by load factor−1.2−1−0.8−0.6−0.4−0.20
50
100
150
A
B
v (ft)
α
Critical post−collapse
2nd−order elastoplastic
Classical limit analysis
Fig. 12. Example 2: critical post-collapse a  v response and associated 2nd-order
elastoplastic behavior.
(a)
(b)
Fig. 13. Example 2: hinge dispositions for critical post-collapse behavior (a) A and
(b) B ( denotes plastic hinge and  unloaded hinge).
Fig. 14. Example 3: multi-story portal frame.
Fig. 16. Example 3: hinge dispositions for critical post-collapse behavior (a) A, (b) B,
(c) C, (d) D, (e) E and (f) F and G ( denotes plastic hinge and  unloaded hinge).
Fig. 17. Example 4: eccentrically braced frame.
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ening and nonlinear geometry effects (Tangaramvong and Tin-Loi,
2010).
The structure was discretized into 126 elements, 261 degrees of
freedom, 378 generalized stresses (or strain rates) and 504 yield
functions. The rigid perfectly-plastic properties adopted were:
Q1p = 11704 kN and Q2p = 1988 kN-m for all columns; and0 0.5 1 1.5 2
20
40
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A B
C
D
E F
G
v (m)
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Critical post−collapse
2nd−order elastoplastic
Classical limit analysis
Fig. 15. Example 3: critical post-collapse a  v response and associated 2nd-order
elastoplastic behavior.
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Fig. 18. Example 4: critical post-collapse a  v response and associated 2nd-order
elastoplastic behavior.
Fig. 19. Example 4: hinge dispositions for critical post-collapse behavior (a) A, (b) B, (c) C, (d) D, (e) E, (f) F, (g) G and (h) H ( denotes plastic hinge and  unloaded hinge).
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plastic Case c analysis, the following elastic properties were used:
E = 2  108 kN-m2; A = 418  104 m2 and I = 1320  106 m4 for
all columns; A = 105  104 m2 and I = 372  106 m4 for all
beams.
The results of the Cases a to c analyses are shown in Fig. 15. The
classical limit analysis (Case a) predicted a collapse load of
a = 99.11 (dotted line). The critical post-collapse Case b response
(solid line) was obtained using a ﬁnite step of D t0 = 0.1. This com-
pares reasonably well with the 2nd-order elastoplastic Case c
behavior (dashed line). Again, the differences observed (e.g. a high-
er load capacity for Case b) can be attributed to the effects of elastic
deformations which have been ignored in the post-collapse Case b
analysis. The maximum load capacity predicted by the elastoplas-
tic Case c analysis was a = 75.36.
Some key mechanisms (Fig. 16) at v = 0, 0.2, 0.4, 0.6, 0.8 and 1–
2 m (associated with points A, B, C, D, E, F–G in Fig. 15, respec-
tively) clearly illustrate the evolution (e.g. plastic hinge activation
and rigid unloading) of the critical post-collapse Case b behavior.
The analysis for Case b was terminated at v = vmax = 2 m.5.4. Example 4: eccentrically braced frame
The ﬁnal example involves the multi-story eccentrically braced
frame shown in Fig. 17. This 3 story, 3 bay eccentrically braced
structure was subjected to constant vertical loads of 50 kN as well
as increasing lateral loads (kN) governed by the load factor of a as
shown; v denotes the corresponding top sway displacement (m).
The structure was also used by Tangaramvong and Tin-Loi (2010)
to study the inﬂuence of strain-softening and nonlinear geometry .
The ﬁnite element model constructed consists of 45 members,
90 degrees of freedom, 135 generalized stresses (or strain rates)
and 180 yield functions. The rigid-plastic properties employed
are: Q1p = 4200 kN and Q2p = 548.80 kN-m for all columns; Q1p =
1046.40 kN and Q2p = 102.08 kN-m for all beams; Q1p = 1235.20
kN and Q2p = 80 kN-m for all braces. The elastic properties used
for the 2nd-order elastoplastic Case c analysis are: E = 2 
108 kN-m2; A = 150  104 m2 and I = 277  106 m4 for all col-
umns; A = 32.70  104 m2 and I = 35.40  106 m4 for all beams;
A = 38.60  104 m2 and I = 17.60  106 m4 for all braces.
The results of the three analyses are shown in Fig. 18. The col-
lapse limit (dotted line) computed from the classical limit analysis
Case a was a = 119.83. As in the previous examples, the criticalpost-collapse Case b (solid line) behavior agrees reasonably well
with the 2nd-order elastoplastic Case c (dashed line) response.
The minor differences in behavior can once more be attributed to
the neglect of the effects of elastic deformations in Case b.
The critical post-collapse Case b analysis was performed with a
ﬁnite step of Dt0 = 0.1, and was terminated at v = vmax = 2 m. Key
mechanisms progressively developed during the post-collapse
Case b behavior, namely at v = 0, 0.4, 0.5, 0.9, 1.3, 1.7, 1.9 and
2 m (corresponding to points A, B, C, D, E, F, G and H in Fig. 18,
respectively), are drawn in Fig. 19. Plastic activation and rigid deac-
tivation of hinges are also indicated.
The evolutive Case c run predicted a maximum load capacity of
a = 110.27, followed by a softening behavior.6. Concluding remarks
Motivated by the practical need to supplement the information,
in primis collapse load, provided by a classical rigid perfectly-plas-
tic analysis, this paper investigates a simple method to carry out a
post-collapse analysis on the structure under consideration. It ex-
tends the well-known and robust sequential limit analysis scheme
so that it can trace directly the critical post-collapse behavior. This
eliminates an important shortcoming of the standard sequential
approach in that we no longer need to identify at any step the pos-
sible multiplicity of collapse mechanisms.
Our proposed formulation casts the analysis as an MPEC for
which we minimize a 2nd-order work objective function (to
choose the critical path) subject simultaneously to the conditions
governing two adjacent systems: the current one and its geometri-
cally updated neighboring state. This approach avoids the neces-
sity of enumerating, if at all possible, all feasible mechanisms. A
promising algorithm to solve the challenging nonconvex MPEC is
to convert it to a standard NLP problem by relaxing the comple-
mentarity constraints.
The MPEC approach preserves the simplicity of the standard
sequential approach, and maintains computational stability and
efﬁciency, even for large step sizes. Numerous examples, ﬁve of
which are given in this paper, attest to its robustness and ability
to trace directly the critical post-collapse curve. The obtained re-
sponses agree quite well with the exact step-by-step analysis re-
sults. The differences, which should in no way detract from the
appeal of this simpliﬁed analysis method, can be attributed to
the neglect of elastic deformations.
2742 S. Tangaramvong et al. / International Journal of Solids and Structures 48 (2011) 2732–2742Whilst the paper has focused on the class of bar structures, the
extension of the generic approach proposed to more complex ﬁnite
element models should pose only formal (implementation type)
difﬁculties. The inclusion of other material (hardening or soften-
ing) constitutive laws should also be straightforward, requiring
only an update of the yield condition using information of plastic
strains developed at the end of the previous step.
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